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Abstract
We introduce an extended $\mathrm{Q}$-Learning formalized
by Probabilistic Simple Grammars as one ofmeth-
ods to find optimal actions with subtasks. Using
the extended Q–Learning, it is possible for com-
puters to learn optimal actions under some envi-
ronments where it is impossible or difficult using
Q-Learning.
If Simple Grammars $(\mathrm{S}\mathrm{G}\mathrm{s})$ which represent en-
vironments are not given, to identify them is $\mathrm{r}\triangleright$
quired. A class of Right-unique Simple Grammars
(RSGs), which is a subclass of $\mathrm{S}\mathrm{G}\mathrm{s}$, is known as
an effective learnable class &om positive data. We
propose the way to obtain a SG from given L-


















$G(U, P, C)$. $G=\langle V, \Sigma, R, S\rangle$ : $\mathrm{S}\mathrm{G}_{\text{ }}$. $U$ :
$\bullet$ $P$ : $P(R|U, V)$
$P(Aarrow a\alpha|u,B)=0$ if $A\neq B$
$\bullet$ $C$ : $C:R\mathrm{x}$ U\rightarrow [ ]
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$G(U, P, C)$ $S\Rightarrow^{*}xA_{t}\alpha(|x|=t)$ $G\mathrm{B}_{\mathrm{a}}^{\mathrm{s}}$ Right-unique Simple Grammar(RSG) -Ck
$\mathrm{S}\mathrm{G}$














$A,$ $B,$ $C,$ $\cdots$




$G=(V,$ $\Sigma,$ $R,$ $S\rangle$ Simple Graxn-
mar(SG)
$\bullet$ $G$ Greibadh
$\bullet$ $A$ $arrow$ $aa$ $\in$ $R$ and $A$ $arrow$ $a\beta$ $\in$
$R$ implies $\alpha=\beta$
$G$ $\forall A\in V$ $S\Rightarrow xA\alpha\Rightarrow^{*}xy*$
RSG $G$
$C\in V$ $Aarrow a\alpha C\beta\in R$ $a,\alpha,\beta$
– $Aarrow$




$G=(V,$ $\Sigma,R,$ $S\rangle$ $\mathrm{S}\mathrm{G}$
$P:Rarrow[0,1]$ Prob-
abilistic Simple Grammar (PSG) $G_{P}$











$\mathrm{K}(G)=$ {$K(G_{P})|$ $P$ }
$P$
1. $G$ $=$ ( $V,$ $\Sigma,$ $R,$ $S\rangle$ $G’$ $=$
(V’, $\Sigma,$ $R’,$ $S’\rangle$ $L(G’)=L(G)$
$G$ $G’$ general






$A\in V_{\text{ }}U\subset V$
$\overline{A}=\{A’\in V|\epsilon(A)=s(A’)\}$

















3.3 generahzation in USGs
SG RSG $\mathrm{K}(G_{1})\cup$








$G=\langle V, \Sigma, R, S\rangle$ $\mathrm{S}\mathrm{G}$ $A\in V$
$s(A)=\{a\in\Sigma|Aarrow a\alpha\in R\}$
$\overline{U}=\{A’\in V|\exists A\in U, s(A)=s(A’)\}$
$\overline{A_{1}\cdots A_{m}}=\overline{A}_{1}\cdots\overline{A}_{m}$
$G$ Unifiable Simple Grammar (USG)
($\overline{A}=$ and $Aarrow a\alpha\in R$)
imphae ($Barrow a\beta\in R$ and $\sigma=\overline{\beta}$)
RSG USG
USG $G$ $=$ (V, $\mathrm{Z},$ $R,$ $S\rangle_{\text{ }}H$ $=$
(V’, $\Sigma’,$ $R’,$ $S’\rangle$ $G$ $H$
. $\epsilon(S)=\epsilon(S’)$
. $\forall A\in V,\forall B\in V’$
( $\epsilon_{G}(A)=s_{H}(B)$ and $Aarrow a\alpha\in R$ and
$Barrow a\beta\in R’)$ impliae $\epsilon_{G}(\alpha)=\epsilon_{H}(\beta)$
2. $G$ $RSG$ $G$
$RSG$ general $RSG$
USG
$V$ – $A,$ $B\in V$
$e(A,B)=\{$
1 if $Aarrow\ldots B\in R,B\neq S$
$0$ otherwize
(V, $e$) $A$
$\mathrm{u}\mathrm{p}_{G}(A)=\{B\in V|A=B$ $B$ $A$
}
$U_{2}=\emptyset$ $U_{1},$ $U_{2}\subset V$
$W(U_{1}, U_{2})\subset V^{*}$
$W(U_{1}, U_{2})=\{\alpha\in V^{\cdot}|\forall A\in U_{1}$
( $\alpha=\alpha’A\beta$ impliae $\exists B\in U\mathrm{a}(\beta=B\beta’)$ ) $\}$
$s(A_{1}\cdots A_{m})=\epsilon(A_{1})\cdots\epsilon(A_{m})$
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3. $\alpha\beta\in W(U_{1}, U_{2})$ iff
$\{$
$\alpha=\alpha’A$ and
$\alpha’,\beta’\in W(U_{1}, U_{2})$ if $\beta=B\beta’$ and
$(A,B)\in(U_{1}, U_{2})$
$\alpha,\beta\in W(U_{1},U_{2})$ otherwise
$(U_{1}, U_{2}\rangle\in P(V)\mathrm{x}P(V)$ MPaif
1. $U_{1},$ $U_{2}\neq\emptyset$
2. $S\not\in U_{1}$
3. $A\in U_{1}$ $\overline{A}\subset U_{1}$
4. $A\in U_{1}$ $B\in \mathrm{u}\mathrm{p}_{G}(A)$
$B\in U_{1}$
5. $\exists B\in V(U_{2}=\overline{B})$
6. $Aarrow a\alpha\in R$. $A\in U_{1}$
$\forall B\in U_{2}(\alpha B\in W(U_{1}, U_{2}))_{\text{ }}$
$\bullet$ $A\not\in U_{1}$ $\alpha\in W(U_{1}, U_{2})$
$U\subseteq V$ $\exists U’\subseteq V$ (( $U,$ $U’\rangle$ $\mathrm{N}\mathrm{b}\mathrm{P}\mathrm{a}\mathrm{i}\mathrm{r}$ )
$U$ MPair
1. $G$ $U_{1}\cap U_{2}=\emptyset$
. $G$ 6 $\exists A\in U_{1}(\alpha A\beta\in$
$W(U_{1}, U_{2}))$ $W$ $\not\subset U_{1}$ 3
5 $U_{2}\cap U_{1}=\emptyset$
2. $G$ ( $U_{1},$ $U_{2}\rangle$ $(U_{1},$ $U\mathrm{s}\rangle$
$NbPai$’ $U_{2}=U_{3}$
. $A\in U_{1}$ $\mathrm{u}\mathrm{p}_{G}(A)\subset U_{1}$ $S\not\in$
$\mathrm{u}\mathrm{p}_{G}(A)$ $G$ 6 $\exists A’\in$
$\mathrm{u}\mathrm{p}_{G}(A)(\alpha A’\beta\in W(U_{1}, U_{2}))$ $W$
$\beta=B\beta’$ and $B\in U_{2}$ 5 $U_{2}=$
$\overline{B}$
$\mathrm{N}\mathrm{b}\mathrm{P}\mathrm{a}\mathrm{i}\mathrm{r}$ $U\subset V$
$(U, U’)$ $\mathrm{N}\mathrm{b}\mathrm{P}\mathrm{a}\mathrm{i}\mathrm{r}$ $U’$
Nb$G(U)=U’$
3. $\langle U_{1}, U_{2}\rangle$ $NbPair$ $S\Rightarrow^{*}x\alpha$
$\alpha\in W(U_{1}, U_{2})$
. $|x|$
(base) $S\not\in U_{1}$ \ddagger $\text{ }S\in W(U_{1}, U_{2})_{0}$
(step) $S\Rightarrow^{l}xA\beta\Rightarrow xa\alpha\beta$ and $A\alpha\in W(U_{1}, U_{2})$
Case 1. $A\in U_{1}$ $W$ $\beta=$
$B\beta’$ and $B\in U_{2}$ $\mathrm{N}\mathrm{b}\mathrm{P}\mathrm{a}i\mathrm{r}$ 6
$\alpha B\in W(U_{1}, U_{2})$ $\alpha\beta\in W(U_{1}, U_{2})$
Case 2. $A\not\in U\iota$ $W$ $\beta\in$
$W(U_{1}, U_{2})$ NbP 4 $\alpha=a’C$
C\not\in U\iota $\alpha\beta\in W(U_{1}, U_{2})$
4. $G$ MPa 6
$\bullet$ $x$ $S\Rightarrow x\alpha$ $\alpha\in$
$W(U_{1}, U_{2})$
. $\mathrm{N}\mathrm{b}\mathrm{P}\mathrm{a}\mathrm{i}\mathrm{r}$ 6 $\forall Aarrow$
$a\beta\in R$ $A\beta\Rightarrow^{*}a\alpha\beta$ and $A\beta,\alpha\beta\in$
$W$ ( $U_{1}$ , U2) $\beta$
Case 1. $A\in U_{1}$ $A\beta\in W(U_{1}, U_{2})$
$\beta=B\beta’$ and $B\in U_{2}$ $\alpha B\in$
$W(U_{1}, U_{2})$
Case 2. $A\not\in U\iota$ $\mathrm{N}\mathrm{b}\mathrm{P}\mathrm{a}i\mathrm{r}$ 4
$\alpha=\alpha’A’$ implies $A’\not\in U_{1^{\text{ }}}$ $\alpha\beta\in$
$W(U_{1}, U_{2})$ $\alpha\in W(U_{1}, U_{2})$
$U$ $G$ $\mathrm{N}\mathrm{b}\mathrm{P}\mathrm{a}\mathrm{i}\mathrm{r}$ $\Phi(G, U)=$




. $V’=(V-U)\cup U’$ where
$U’=$ { $A_{B}|A\in U$ and $B\in \mathrm{N}\mathrm{b}_{G}(U)$ }
$\bullet$ $R’=\{Aarrow a\phi(\alpha)|Aarrow a\alpha\in R$ and $A\in$
$V-U\}\cup\{A_{B}arrow a\phi(\alpha B)|Aarrow a\alpha\in$
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5. $G’=\Phi(G, U)$ $x\in\Sigma^{*}$






Case 2. $A\in U$ $A’=A_{B}$ and $\alpha’=$
$\phi(\alpha B)$ and $Aarrow\alpha\in R$ 3 $\beta=$






6. $\Phi(G, U)\in USG\epsilon$
7. $G$ MPai$\mathrm{r}$ $U$
$\Phi(G, U)$ $G$ general
. $\psi$ : $V’arrow V$ $\psi(A_{B})=A$ if $A_{B}\in U_{\text{ }^{}\prime}$
$\psi(A)=A$ if $A\in V’-U’$ 5




Case 1. $A\not\in U$ $\phi(A\beta)=$
$A\phi(\beta)$ $Aarrow a\phi(\alpha)\in R’$







$S\Rightarrow c\prime xA\phi(\beta)\Rightarrow xa\phi(\alpha)\phi(\beta)=xa\phi(\alpha\beta)$






$\phi(A\beta)=A’\beta’$ $A’arrow a\alpha’\in R’$
Case 1. $A\not\in U$ $A’=A$ and $\alpha’=$







. $H$ $=$ $\Phi(G, U)$ $\forall x$ $\in$ $\Sigma(S$













9. $G,$ $G’\in USG$ $L(G)=L(H)$
$G^{O}$ $H^{O}$
. $G=(V, \Sigma, R, S)_{\text{ }}H=\langle V’, \Sigma, R’, S’\rangle$
$L(G, \overline{A})$ $=\{x\in$ $\Sigma^{*}$ $|$ $\exists A’$ $\in$
$\overline{A}$( $A’$ G $x$) $\}$ $USG$
$L(G, A)=\{x\in\Sigma^{*}|A\Rightarrow^{*}G^{X\}}$
$A\in V,B\in V’$ $\epsilon_{G}(A)=s_{H}(B)$
$L(G,\overline{A})=L$($G$ , )













$\epsilon c(A)=s_{H}(B)$ and $Aarrow aa\in R$ and $Barrow$
$a\beta\in R’$
Case 1. $\alpha=\epsilon$ $L(G, A)=L(H, B)$
$\beta=\epsilon$
Case 2. $\alpha=A_{1}\cdots A_{n}$ $\beta=B_{1}\cdots B_{\hslash}$
$n\geq m$ $\epsilon_{G}(A:)=s_{H}(B:)$ $i$
(base) $L(G, A)$ $=L(H, B)$ $s_{G}(A_{1})$ $=$
$\epsilon_{H}(B_{1})_{\text{ }}$
(step) $\epsilon_{G}(A_{1})=s_{H}(B_{1}),$ $\cdots,$ $s_{G}(A:)=\epsilon_{H}(B\iota)$
$L(G, A_{1}\cdots A_{i})$ $=$ $L(G, B_{1}\cdots B_{i})$
$L(G, A)$ $=$ $L(G, B)$
$SG(A:+1)$ $=$ $sc(B:+\iota)$
$L(G, A_{1}\cdots A_{m})=L(H, B_{1}\cdots B_{m})$
$L(G,A)=L(G, B)$ $n=m$
$G_{1}=(V_{1},$ $\Sigma,$ $R_{1},$ $S_{1}\rangle,$ $\cdots,$ $G_{n}=(V_{n},$ $\Sigma,$ $R_{n},$ $S_{n}\rangle$
$L(G_{1})=\cdots=$ L(G USG
$G1\cdots G_{n}^{O}$ $G_{*}=(V_{*},$ $\Sigma,$ $R_{l},$ $S.\rangle$
$S_{*}’=(S_{1}, \cdots, S_{n})$




$arrow a(B_{1,1}, \cdots,B_{n,1})\cdots(B_{1,m}, \ldots,B_{n,m})$
$|(A_{1}, \cdots,A_{n})\in V_{*}’$ and
$A_{1}arrow aB_{1,1}\cdots B_{1,m}\in R_{1}^{O}$ and ... and
$A_{n}arrow B_{n,1}\cdots B_{n,m}\in R_{n}^{O}$
$\}$
$\langle V_{l}’, \Sigma, R’., S’.\rangle$
10. $L(G_{1})=L(G_{*})$
1. $G\iota\cdots G_{n}$ $L(G_{1})=\cdots=L(G_{n})$
$USG$ $G_{1}\cdots$ G
G. $c_{:}$ general
. $G_{1}^{O}$ G. general
$\pi:V_{*}arrow V_{1}^{O}$ $\pi(A_{1}, \ldots, A_{n})=A\iota$
9 R. $Aarrow a\alpha\in$
$R_{1}^{O}$ iff ($A_{*}arrow a\alpha_{*}\in R_{*}$ and $\pi(A_{*})=$
$A$ and $\pi(\alpha_{*})=\alpha)$



























[1] Andrew G. Barto and Sridhar Mahadevan.
Recent advances in hierarchical reinforcement
learning. Discrete Event Dynamic Systems:
Theory and Applications, Vol. 13, pp. 41-77,
2003.
[2] Thomas G. Dietterich. Hierarchical reinforce
ment learning with the maxq value function
decomposition. Joumal of Artificial Intelli-
gence Research, Vol. 13, pp. 227-303, 2000.
[3] Rondd E. Parr. Hierarchical contrvl and
leaming for Markov decision processes. $\mathrm{P}\mathrm{h}\mathrm{D}$
thesis, University of California at Berkeley,
1998.
[4] Yasubumi Sahibara. Recent advances of
grammatical inference. Theoretical Computer
Science, Vol. 185, pp. 15-45, 1997.
[5] Ryo Yoshinaka. Polynomial-time identifica-
tion of an extension of very simple grammars
77
